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We study the confinement physics in QCD in the maximally abelian (MA) gauge 
using the SU(2) lattice QCD, based on the dual-superconductor picture. In the MA 
gauge, off-diagonal gluon components are forced to be small, and the off-diagonal 
angle variable (s) tends to be random. Within the random- variable approxima- 
tion for Xm( s )> we analytically prove the perimeter law of the off-diagonal gluon 
contribution to the Wilson loop in the MA gauge, which leads to abelian dom- 
inance on the string tension. To clarify the origin of abelian dominance for the 
long-range physics, we study the charged-gluon propagator in the MA gauge using 
the lattice QCD, and find that the effective mass m c ^ ~ 0.9GeV of the charged 
gluon is induced by the MA gauge fixing. In the MA gauge, there appears the 
macroscopic network of the monopole world-line covering the whole system, which 
would be identified as monopole condensation at a large scale. To prove monopole 
condensation in the field-theoretical manner, we derive the inter-monopole poten- 
tial from the dual Wilson loop in the monopole part of QCD, which carries the 
nonperturbative QCD aspects, in the MA gauge. The dual gluon mass is evaluated 
as mg ~0.5GeV in the monopole part in the infrared region, which is the evidence 
of the dual Higgs mechanism by monopole condensation. 

1 QCD and Dual Superconductor Picture for Confinement 

Quantum chromodynamics (QCD) is the fundamental theory of the strong 
interaction. In spite of the simple form of the QCD lagrangian 



it miraculously provides quite various phenomena like color confinement, chiral 
symmetry breaking, nontrivial topologies, quantum anomalies and so on. It 
would be interesting to compare QCD with the history of the Universe, because 
a quite simple 'Big Bang' also created everything including galaxies, stars and 
living things. Therefore, QCD can be regarded as an interesting miniature of 
the Universe. This is the most attractive point of the QCD physics. In this 
paper, we will slightly touch the confinement physics in QCD. 

The Regge trajectory of hadrons and the lattice QCD show that the con- 
finement force between the color-electric charges is characterized by the uni- 
versal physical quantity of the string tension a ~ lGeV/fm and is brought by 
the one- dimensional squeezing of the color-electric flux in the QCD vacuum. 




(1) 



1 



Based on the electro-magnetic duality, Nambu proposed the dual superconduc- 
tor picture for quark confinement in 1974. 1 In this picture, such a squeezing of 
the color-electric flux between quarks is realized by the dual Meissner effect, as 
the result of color-magnetic monopole condensation, which is the dual version 
of electric-charge condensation in the superconductor. However, there are two 
large gaps between QCD and the dual-superconductor picture. 2 

(1) This picture is based on the abelian gauge theory subject to the Maxwell- 
type equations, where electro-magnetic duality is manifest, while QCD is 
a nonabclian gauge theory. 

(2) The dual-superconductor scenario requires condensation of (color-) mag- 
netic monopoles as the key concept, while QCD does not have such a 
monopole as the elementary degrees of freedom. 

These gaps can be simultaneously fulfilled by the use of the 't Hooft abelian 
gauge fixing, the partial gauge fixing which only remains abelian gauge degrees 
of freedom in QCD. 3 The abelian gauge fixing reduces QCD to an abelian gauge 
theory, where the off-diagonal gluon behaves as a charged matter field similar 
to in the Standard Model and provides a color-electric current in terms 
of the residual abelian gauge symmetry. As a remarkable fact in the abelian 
gauge, color-magnetic monopoles appear as topological objects corresponding 
to the nontrivial homotopy group n2(SU(-/V c )/U(l) Ar<: ~ 1 ) —Z^^ 1 in a similar 
manner to the GUT monopole. 3-5 

Here, let us consider the appearance of monopoles in terms of the gauge 
connection. 2 ' 6 In the general system including the singularity such as the Dirac 
string, the field strength is defined as 

G^ = U[D^D v ]-[d^d u ]), (2) 

which takes a form of the difference between the covariant derivative operator 
Dp, = <9 M + ieA^(x) and the derivative operator <9 M satisfying [d^,f(x)\ = 
d IJi f(x). By the general gauge transformation with the gauge function £1, 
is transformed as — > D'^ = HD^Q^ , and G M „ is transformed as 

= d„A! v - d v A\ + ie[A'^A' v } + l -fl[d„, d v ]tf . (3) 

The last term remains only for the singular gauge transformation, and can 
provide the Dirac string in the abelian gauge sector. For a singular SU(iV c ) 
gauge function, the last term leads to breaking of the abelian Bianchi identity 
and monopoles in the abelian gauge. 2,6 
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Thus, QCD in the abclian gauge is an abelian gauge theory including both the 
electric current and the magnetic current k^ , and can provide the theoretical 
basis of the dual-superconductor scheme for the confinement mechanism. 

2 Maximally Abelian Gauge, Abelian Dominance and Global Net- 
work of Monopole Current in MA Gauge in Lattice QCD 

In the Euclidean QCD, the maximally abelian (MA) gauge is defined by min- 
imizing 

R oS [A,(-)} ee I d 4 xtr[D^H][D^,H]^ = \^(x)\\ (4) 

where = d^ + ieA^ denotes the SU(iV c ) covariant derivative and the Cartan 
decomposition A^(x) = A^{x) ■ H + ^2 a A^(x)E a is used. In the MA gauge, 
the off-diagonal gluon component is forced to be as small as possible by the 
gauge transformation, and therefore the gluon field A fl (x) = A^(x)T a closely 
resembles the abelian gauge field A^(x) ■ H. 2 ' e 

In the MA gauge, G ee SU(A c )i ocal is reduced into H = U(l)^°~ 1 1 x 
Weyl^ bal , where the global Weyl symmetry is the subgroup of SU(7V C ) relating 

the permutation of the N c bases. 7 Since the covariant derivative obeys the 
adjoint gauge transformation, the MA gauge fixing condition is found to be 2 

[H,[D ft ,[D )i ,H]]} = 0, (5) 

which leads the partial gauge fixing on G/H. 

In the Euclidean lattice formalism, the MA gauge is defined by maximizing 
the diagonal element of the link variable C/ M (s) = exp{iae^4 M (s)}, 2 ' 8 

fldia g [£U)] = J2^{ U ^)HUl(s)H}. (6) 

The SU(iV c ) link variable is factorized corresponding to the Cartan decompo- 
sition G/H x H as U^s) = M M (s)u M (s) with M^s) ee eiq>{iY, a 9*(s)E a } and 

m m (s) = cxp{id^(s) ■ H}. Here, the abelian link variable u^(s) £ H = U(l) c 1 
behaves as the abelian gauge field, and the off-diagonal factor M^(s) G G/H 
behaves as the charged matter field in terms of the residual abelian gauge sym- 
metry U(l)^° j 1 . In the lattice formalism, the abelian projection is defined by 
the replacement as U^,(s) eG ^ u n( s ) £ H. 

Abelian dominance and monopole dominance for NP-QCD (confinement 9 , 
DxSB 10 , instantons 7 ' 11 ) are the remarkable facts observed in the lattice QCD 
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in the MA gauge. Here, we summarize the QCD system in the MA gauge 
in terms of abelian dominance, monopole dominance and extraction of the 
relevant mode for NP-QCD. 

(a) Without gauge fixing, it is difficult to extract relevant degrees of freedom 
for NP-QCD. All the gluon components equally contribute to NP-QCD. 

(b) In the MA gauge, QCD is reduced into an abelian gauge theory including 
the electric current and the magnetic current k^. The diagonal gluon 
A^ ■ H behaves as the abelian gauge field, and the off-diagonal gluon be- 
haves as the charged matter field in terms of the residual abelian gauge 
symmetry. In the MA gauge, the lattice QCD shows abelian dominance 
for NP-QCD: only the diagonal gluon is relevant for NP-QCD, while off- 
diagonal gluons do not contribute to NP-QCD. In the confinement phase of 
the lattice QCD, there appears the global network of the monopole world- 
line covering the whole system in the MA gauge as shown in Fig.l. 

(c) The diagonal gluon can be decomposed into the "photon part" and the 
"monopole part" , corresponding to the separation of j„ and fc„ . The 
monopole part carries the monopole current fc M only, i.e. ~ 0. The 
photon part carries the electric current jy. only, i-e. fc M ~ 0. In the 
MA gauge, the lattice QCD shows monopole dominance for NP-QCD: the 
monopole part leads to NP-QCD, while the photon part seems trivial like 
QED and does not contribute to NP-QCD. 

Thus, monopoles in the MA gauge can be regarded as the relevant collective 
mode for NP-QCD, and formation of the global network of the monopole cur- 
rent seems to mean "monopole condensation" in the infrared scale. 2 ' 12 

(a) (b) 

Figure 1: The monopole world-line projected into R 3 in the MA gauge in the SU(2) lattice 
QCD with 16 3 X 4. (a) confinement phase (/3 = 2.2), (b) dcconfincment phase (/3 = 2.4). 
There appears the global network of monopole currents in the confinement phase. 



3 Analytical Proof of Abelian Dominance for Confinement 

As long as confinement, monopole dominance seems trivial if abelian domi- 
nance holds, because the electric current does not contribute to the electric 
confinement. In the confinement physics, the nontrivial phenomenon observed 
in the MA gauge is abelian dominance. In this section, we analytically prove 
abelian dominance on the string tension in the MA gauge, considering the off- 
diagonal gluon properties. 2,6 In the lattice formalism, the SU(2) link variable 
is factorized as U^s) = M^ l (s)u fl (s), according to the Cartan decomposition 
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G ~ G/H x ff. Here, u M (s) = expjir 3 ^ (s)} e -ff denotes the abelian link 
variable, and the off-diagonal factor M M (s) G G/ff is parameterized as 

*„(.) . e^O-H^M. . ( , - Si °«*7 W ) ■ (7) 

In the MA gauge, the diagonal element cos^^s) in M M (s) is maximized 
by the gauge transformation as large as possible; for instance, the abelian 
projection rate is almost unity as i?Abci = (cos# m (s))ma — 0.93 at (3 = 2.4. 
Then, the MA gauge fixing provides the two remarkable properties on the 
off-diagonal element e lx>J -^ sin^(s) in M M (s). 

(1) the off-diagonal amplitude | sin 9^{s) | is forced to be small in the MA gauge, 
which allows the approximate treatment on the off-diagonal element. 

(2) 

v ; the off-diagonal angle variable x^( s ) ^ s n °t constrained by the MA gauge- 
fixing condition at all, and tends to be a random variable. 

Hence, x^( s ) can be regarded as a random angle variable on the treatment of 
M M (s) in the MA gauge in a good approximation. 2,6 

In calculating the Wilson loop (H / c[ff/x(')]) = (ti , nc{M M (s)M /J (s)}), we 
take the random-variable approximation for the off-diagonal angle variable 
Xn(s) in the MA gauge, and then the integral of e tXfi ^ on Xn( s ) vanishes as 

<e^ (s) ) * 1^ dxM exp{J XAl ( S )} = 0. (8) 
Jo 

Thus, the off-diagonal factor M^(s) appearing in {Wc\U is simply re- 
duced as a c- number factor, M fl (s) — > cos# M (s) 1, and therefore the SU(2) link 
variable U^(s) in (Wc[U /_,,(■)]) is reduced to a diagonal matrix, 

U^s) = M„(a)u„(«) -» cos0 M (s)u M («). (9) 

Then, for the IxJ rectangular C, the Wilson loop Wc[U^(-)} in the MA gauge 
is approximated as 

(WcPM) = (trHt^M)) * (ni 1 cos^ i (s i )-trnjL 1 ^.(s,)) M A 

~ (exp{Sf =1 ln(cos^ i (s i ))}) M A <W c [u„(-)]>ma, (10) 

where L = 2(1+ J) denotes the perimeter length and H / c , [w^(-)] = trll^M^ ( s i) 
the abelian Wilson loop. Replacing Y^h=i m { cos (^w (s,))} by its average 
L(1ii{cos0 m (-)})ma in a statistical sense, we derive a simple estimation as 2 ' 6 

= (W c [U^)])/(Wc[u^)})ma * exp{L(ln(cos^(.))) M A} (11) 
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for the contribution of the off-diagonal gluon element to the Wilson loop. From 
this analysis, the contribution of off-diagonal gluons to the Wilson loop is 
expected to obey the perimeter law in the MA gauge for large loops, where the 
statistical treatment would be accurate. 

We show the off-diagonal contribution W{f = (WlU^-)]) / {W[u^(-)]) MA 
to the Wilson loop in the lattice QCD simulation with (3 = 2.4 in Fig. 2. In 
the MA gauge, Wq S seems to obey the perimeter law for the large loop, and 
is well reproduced by the estimation of Eq.(|ll|) with the microscopic input 
as (ln{cos6» A1 (s)}) M A ^ -0.082 for f3 = 2.4. From Eq.(|l]), the off-diagonal 
contribution to the string tension vanishes as 

R -\- T 

csu(2) - f-Abci ^ -2(ln{cos6' /J (s)}}MA lim = 0. (12) 

R,T— too til 

Thus, abelian dominance for the string tension, csu(2) = OAbei, can proved 
in the MA gauge within the random- variable approximation for the off-diagonal 
angle variable although the finite size effect on R and T in the Wilson 

loop leads to the deviation between <7gu(2) and CAbei as 0su(2) > CAbci- 2 ' 6 




10 20 30 



L = 2(1+ J) 

Figure 2: The comparison between the lattice data and the analytical estimation of W£p 
= {Wc[Up(-)]) I (ffcKOl) as thc function of the perimeter L = 2(1 + J) in the MA 
gauge. The cross (x) denotes the lattice date at /3 = 2.4, and the straight line denotes 
the theoretical estimation of Wq 1 = exp{L(ln(cos0 M (s)))MA} with the microscopic input 
(lnjcos m (s)})ma — —0.082 at /3 = 2.4. The off-diagonal gluon contribution WgF seems to 
obey the perimeter law for I, J > 2. 



4 Origin of Abelian Dominance : Effective Charged-Gluon Mass 
induced in MA Gauge 

In this section, we study the origin of abelian dominance for NP-QCD in 
the MA gauge in terms of the generation of the effective mass m c h of the 
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off-diagonal (charged) gluon by the MA gauge fixing in the QCD generating 
functional as 2 ' 12 

^qcd = / DA,cM*S Q cd[A,}}6(<S>± a [A,})A pf [A,} 

~ J ZL4 3 exp{iS eff L4 3 ]} J DA±exp{i J d A x m 2 ch A+A»}T{A^}(l3) 

where App is the Faddeev-Popov determinant, S^gf^ 3 ] the abelian effective 
action and .Ff-A^] a smooth functional. If the MA gauge fixing induces the effec- 
tive mass m c h of off-diagonal (charged) gluons, the charged gluon propagation 
is limited within the short-range region as r < m^ 1 , and hence off-diagonal 
gluons cannot contribute to the long-distance physics in the MA gauge, which 
provides the origin of abelian dominance for NP-QCD. 

Here, using the SU(2) lattice QCD in the Euclidean metric, we study 
the gluon propagator G a ^ v (x — y) = (A a ^(x)A h v (y)) in the MA gauge. 2,13 As 
for the residual U(l)3 gauge symmetry, we impose the U(l)3 Landau gauge 
fixing to extract most continuous gauge configuration and to compare with 
the continuum theory. The gluon field A®(x) is extracted from the link vari- 
able as Uft(s) — exp^aeA^s) 2 ^-) . Here, the scalar combination G^(r) = 

^^ =1 (A AJ a (r)A AJ a (0)} (a = 1,2,3) is useful to observe the interaction range of 
the gluon, because it depends only on the four-dimensional Euclidean radial 
coordinate r = {x^x^)? . 

We calculate the gluon propagator G a ^^(r) in the MA gauge using the 
SU(2) lattice QCD with 12 3 x 24 and 2.2 < /3 < 2.4. In the MA gauge, the off- 
diagonal (charged) gluon propagates only within the short-range region r < 0.4 
fm, so that it cannot contribute to the long-range physics. On the other hand, 
the diagonal gluon propagates over the long distance and influences the long- 
range physics. Thus, we find abelian dominance for the gluon propagator in 
the MA gauge, and this is the origin of abelian dominance for the long-distance 
physics or NP-QCD 2 * 13 

Since the propagator of the massive vector boson with mass M asymptot- 
ically behaves as the Yukawa-type function G A , AI (r) ~ ^p/s ■ exp ^ / ^ fr ^ , the 
effective mass m c h of the charged gluon can be evaluated from the slope of the 
logarithmic plot of r 3 / 2 G+~ (r) ~ cxp(— m c ^r) as shown in Fig. 3. The charged 
gluon behaves as a massive particle at the long distance, r > 0.4 fm. We obtain 
the effective mass of the charged gluon as m c h — 0.94 GeV, 2,13 which provides 
the critical scale on abelian dominance. 
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Figure 3: (a) The scalar correlation G£ M (r) of the gluon propagator as the function of 
the 4-dimensional distance r in the MA gauge in the SU(2) lattice QCD with 12 3 X 24 and 
2-2 < (i < 2.4. In the MA gauge, the off-diagonal (charged) gluon propagates within the 
short-range region r^0.4 fm, and cannot contribute to the long-range physics, (b) The 
logarithmic plot for the scalar correlation r"G" (r). The chargcd-gluon propagator behaves 



as the Yukawa-type function, G MM 

can be estimated as m c ^ ~ 0.94GeV from the slope of the dotted line 



The effective mass of the charged gluon 



5 Dual Wilson Loop, Inter-Monopole Potential and Evidence of 
Dual Higgs Mechanism (Monopole Condensation) 

In this section, we study the dual Higgs mechanism by monopole condensation 
in the NP-QCD vacuum in the field-theoretical manner. Since QCD is de- 
scribed by the "electric variable" as quarks and gluons, the "electric sector" of 
QCD has been well studied with the Wilson loop or the inter-quark potential, 
however, the "magnetic sector" of QCD is hidden and still unclear. To investi- 
gate the magnetic sector directly, it is useful to introduce the "dual (magnetic) 
variable" as the dual gluon B^, similarly in the dual Ginzburg-Landau (DGL) 
theory 5,14 " 17 The dual gluon is the dual partner of the diagonal gluon and 
directly couples with the magnetic current fc M . 

Here, we concentrate ourselves to the monopole part in the MA gauge, 
which holds the essence of NP-QCD. Since the monopole part does not include 
the electric current as d^F^ — j v ~ 0, the dual gluon B^ can be introduced as 
the regular field satisfying d^B u — d u B^ — *F flv and the dual Bianchi identity, 
Qv*(Q /\ B)^ = 0. In terms of the dual Higgs mechanism, the inter-monopole 
potential is expected to be short-range Yukawa-type, and the dual gluon B^ 
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becomes massive in the monopole-condensed vacuum. To examine the inter- 
monopolc potential, we define the dual Wilson loop Wd as the line-integral of 
the dual gluon along a loop C 2 ' 12 ' 18 

W D (C) = expii^ <f dx^"} = exp{i| J j da^F^}, (14) 

which is the dual version of the abelian Wilson loop WAbei(C) = 
exp{«| § c dx^A^} — exp{i| JJ dcr^F^}. Here, we have set the test monopole 
charge as e/2 considering the duality correspondence. The potential between 
the monopole and the anti-monopole is derived from the dual Wilson loop as 

V M (R) = - lim hn{W D {R,T)). (15) 

1 — >oo 1 

Using the SU(2) lattice QCD in the MA gauge, we study the dual Wilson loop 
and the inter- monopole potential in the monopole part. The dual Wilson loop 
(Wd{R, T)} seems to obey the perimeter law as (Wd(R, T)} ~ exp{— c(R+T)} 
for large R, T. As shown in Fig. 4, the inter-monopole potential is short-ranged 
and flat in comparison with the inter-quark potential. 




Inter-Monopole Distance: r [fm] 



Figure 4: The inter-monopole potential Vm(Y) extracted from the dual Wilson loop 
(Wjj(I, J)) in the monopole part in the MA gauge. Here, r denotes the 3-dimcnsional 
distance between the monopole and the anti-monopole. For comparison, wc add the lin- 
ear inter-quark potential denoted by the dashed line. The solid curve denote the Yukawa 
potential adding the finite-size effect of the dual Wilson loop. 

Except for the short distance, the inter-monopole potential can be fitted 
by the Yukawa potential Vm{t) = — e r B — h Ijr-, where the second term 
is the correction appearing as the finite-size effect of the dual Wilson loop. The 
dual gluon mass is estimated as tub — 0.5GeV, which is consistent with the 
DGL theory. 5 ' 14-17 The mass generation of the dual gluon can be regarded 
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as the direct evidence of the dual Higgs mechanism by monopole condensation 
at the infrared scale in the NP-QCD vacuum. 2 ' ' ls 

Thus, the lattice QCD in the MA gauge exhibits abelian dominance and 
monopole condensation in the infrared region, and leads to the dual Ginzburg- 
Landau theory as the infrared effective theory directly based on QCD 2 ' 12,19 
(See Fig.5). 
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From Lattice QCD to Dual Ginzburg-Landau Theory 

— Infrared Effective Theory directly based on QCD — 



QCD : SU(3) C Nonabelian Gauge Theory 



Maximally Abelian (MA) Gauge Fixing 

( partial gauge fixing ) [ G.'t Hooft . NPB 190('81)455 ] 



U(l)3 x U(l)g Abelian Gauge Theory+ QCD-monopole 



Lattice QCD studies 

• Abelian Dominance 

Only diagonal gluon is relevant 
forNP-QCD 

• Monopole Condesation 



71 2 [SU(3)/{U(1) 3 XU(1) 8 }]=Z2 00 
< . > > • 

hedgehog color-magnetic monopole 
configuration 

[cf. GUT - monopole] 



— Dual Ginzburg-Landau Theory 

£dgl= -^tr(^fi v - d v B^f +tr[i^ + gB u , X] f + gB^, X\ 

Bn = BpZ& BfiZ, : dual gluon field 

X =XaET'- QCD-monopole field 

g = — : dual gauge coupling constant 

X : coupling of monopole self-interaction 

v : imaginary mass of monopole — > monopole condensate 



Dual Gauge Symmetry is spontaneously broken instead of Gauge Symmetry 



Figure 5: Construction of the dual Ginzburg-Landau (DGL) theory from the lattice QCD 
in the maximally abelian (MA) gauge. 
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